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1. Introduction
Let G be a finite group. In [9] we obtained group theoretical properties of G in
terms of m(G), which was defined to be the maximum number of zeros in a row of the
character table, and n(G), the minimum number of zeros in a row corresponding to a
non-linear character of the character table. Motivated by this work, we study here the
dual question. Given x ∈ G, we define m∗(x) = |{χ ∈ Irr(G) | χ(x) = 0}| and we put
m∗(G) = max{m∗(x) | x ∈ G} and n∗(G) = min{m∗(x) | m∗(x) > 0, x ∈ G}. With this
notation, we pose the following question: what group theoretical properties can we deduce
if we know m∗(G) or n∗(G)?
It was proved in [11] that the Fitting height h(G) of a solvable group G is bounded in
terms of m(G). Qian’s bound was improved in [9, Theorem A] as a consequence of results
of [10]. In [9] we also conjectured that the derived length of a solvable group is bounded
in terms of m(G). The main result in this paper shows that, using the classification of finite
simple groups, much more can be said if we consider m∗(G). We write k∗(G) to denote
the number of non-linear irreducible characters of G.
Theorem A. Let G be an arbitrary finite group. Then k∗(G) is bounded in terms of m∗(G).
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Note that since there are groups of arbitrarily large order with a fixed number of non-linear
characters (like abelian groups or extraspecial p-groups), it is not possible to obtain any
bound for the order of G.
We also discuss some more analogs to results of [9]. For p-groups, there is a lower
bound for the number of zeros in a row of the character table in terms of the degree of
the corresponding character (see [9, Theorem C]). Similarly, we can bound the number of
zeros in a column of the character table in terms of the size of the corresponding conjugacy
class.
Theorem B. Let x be an element in a p-group P and suppose that the size of its conjugacy
class is pb . Then m∗(x) b(p − 1).
Finally, in [9] we obtained some properties of a p-group P in terms of n(P ) showing
for instance that the derived length of P is bounded by a function of n(P ). Our next result
shows that we cannot expect to find any analog if we replace n(P ) by n∗(P ).
Theorem C. For any p-group H there exists a p-group P with n∗(P ) = p − 1 such that
H can be embedded in P/Z(P).
We have tried to keep the technicalities of the proofs at a minimum, so even in the cases
where explicit bounds are given, no attempt has been made to obtain the best possible ones.
2. Preliminary lemmas
In this section we collect some technical results that will be used to prove the main
theorem in the paper.
Lemma 2.1. Let N be a normal subgroup of a group G. Then the number of non-invariant
irreducible characters of N is at most
m∗(G)|G : N |2|G:N |.
Proof. Let ζ1, . . . , ζr be the non-invariant irreducible characters of N . The group G acts
on them by conjugation and the number s of orbits is at least r/|G : N |. Suppose then
that ζ1, . . . , ζs lie in different orbits and let T1, . . . , Ts be the corresponding inertia groups,
which are proper subgroups of G. If l is the number of subgroups of G/N , then s  lm∗(G)
for, otherwise, m∗(G)+ 1 subgroups Ti would coincide, say T1 = · · · = Tm∗(G)+1 and any
element in G −⋃g∈GT g1 would be a zero of m∗(G) + 1 distinct irreducible characters
of G, namely, the irreducible characters lying over ζ1, . . . , ζm∗(G)+1. The result is now
clear taking into account the crude estimate l < 2|G:N |. 
Lemma 2.2. Let N be a normal subgroup of G. Then
m∗(N)m∗(G)
(
1 + |G : N |2|G:N |).
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ducible characters ζ1, . . . , ζn that vanish at x . Notice that among these characters, at most
m∗(G) can be invariant (because the irreducible characters lying over distinct invariant
characters of N are also distinct and vanish at x), thus there are at least n − m∗(G) non-
invariant characters and the result follows immediately from the previous lemma. 
If χ is a non-linear irreducible character of G, then for any linear character γ both
characters χ and γχ have the same set of zeros. Since we are taking m∗(G) to be fixed,
some control on the number of linear characters of G should be expected (although it is
certainly the case that this number can be arbitrarily large, as extraspecial groups show).
The next two results point in this direction.
Lemma 2.3. Let N be a normal subgroup of G such that G′  N . Then |G′N/G′| 
m∗(G).
Proof. Write N =⋂ri=1 Kerχi , where χ1, . . . , χr are irreducible characters of G. Since G′
is not contained in N , some character χi cannot be linear and therefore, has a zero x . Then
all the characters γχi for γ ∈ Irr(G/G′) vanish at x , so the orbit of χi under the action of
the group of linear characters of G has cardinality at most m∗(G). On the other hand, if
γχi = χi it is clear that N ⊆ Kerγ , thus the stabilizer of χi is contained in Irr(G/G′N).
The result is now clear. 
Lemma 2.4. Let G be a finite group. Then either k∗(G)  m∗(G)2 or |G : G′| 
m∗(G)(m∗(G)+ 1).
Proof. Let ϕ be a non-principal irreducible character of G′. If ϕ is linear, then it does not
extend to G and if it is non-linear and extends to ϕˆ ∈ Irr(G), then the characters γ ϕˆ for
γ ∈ Irr(G/G′) are |G : G′| distinct irreducible characters of G (by [4, Corollary 6.17]) that
vanish at the elements where ϕ vanishes. In particular, we deduce that |G : G′|m∗(G).
Therefore, we may assume that the only irreducible character of G′ that extends to G is
the principal character.
For every non-principalϕ ∈ Irr(G′) let Gϕ be the inertia group of ϕ and Uϕ the subgroup
of Gϕ whose existence is guaranteed by [13, Lemma 2.2], i.e., the subgroup of Gϕ such
that ϕ extends to Uϕ and any of these extensions are fully ramified with respect to Gϕ .
Note that by this fact and Clifford theory we can associate to every extension of ϕ to Uϕ
a unique irreducible character of G that lies over it and vanishes on G − Uϕ . Also, by
the assumption made in the first paragraph, this set is always non-empty. This implies that
|Uϕ : G′|m∗(G) for all ϕ = 1G′ .
Assume now that the action of G on the non-principal irreducible characters of G′ has at
most m∗(G) orbits. Since we have just proved that there are no more than m∗(G) characters
lying over each of the non-principal characters of G′, it follows that k∗(G)  m∗(G)2.
On the other hand, if the number of orbits exceeds m∗(G), we can choose m∗(G) + 1
irreducible characters of G′, ϕ1, . . . , ϕm∗(G)+1 lying on different orbits which, by the
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characters of G, all of them vanishing on G−⋃m∗(G)+1i=1 Uϕi . This forces the equality
G =
m∗(G)+1⋃
i=1
Uϕi
and so, |G : G′|m∗(G)(m∗(G)+ 1), as desired. 
Given a normal subgroup N of G, the non-linear irreducible characters of G fall
into two categories depending on whether they lie over non-linear or linear characters
of N , respectively. The number of characters in the first category is trivially bounded by
|G : N |k∗(N), so to get an estimate for k∗(G) it suffices to deal with the characters in
the second category, which is exactly the set Irr(G/N ′)− Irr(G/G′). Notice that if N has
prime index in G this is an easy task since any of these characters is induced from a (linear)
character of N and hence, vanishes on G − N . This means that there are at most m∗(G)
such characters and
k∗(G) |G : N |k∗(N) +m∗(G).
Now, iterating this inequality and combining it with Lemma 2.2, we get the following
useful result.
Lemma 2.5. Let N be a normal subgroup of G and suppose that G/N is solvable. Then
k∗(G) in bounded in terms of |G : N |, k∗(N) and m∗(G).
We close this section with an extension of the last lemma to the case when G/N is
simple non-abelian. Actually, we state this result in a more general form, which is more
convenient for our purposes.
Lemma 2.6. Let N be a normal subgroup of G such that G/N has a (non-trivial) perfect
normal subgroup. Then
k∗(G) |G : N |k∗(N) +m∗(G)|G : N |2(1+|G:N |)(1 + |G : N |2|G:N |).
Proof. As noticed before, it suffices to show that∣∣Irr(G/N ′)∣∣− |G/G′|m∗(G)|G : N |2(1+|G:N |)(1 + |G : N |2|G:N |).
To prove this inequality, there is no loss of generality if we assume that N is abelian
(otherwise we replace G and N by G/N ′ and N/N ′, respectively, and use the fact that
m∗(G/N ′)m∗(G)). Even more, we can suppose that N  Z(G): if this is not the case,
the subgroup IrrG(N) of invariant irreducible characters of N is properly contained in the
group Irr(N), so
|N | = ∣∣Irr(N)∣∣ 2∣∣Irr(N) − IrrG(N)∣∣.
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k∗(G) < |G| = |G : N ||N | 2m∗(G)|G : N |22|G:N |
and we are done.
Let M/N be the subgroup satisfying the conditions in the hypotheses of the lemma.
Then M = M ′N , so M ′  N and, using Lemmas 2.3 and 2.2,
|M ′N/M ′|m∗(M)m∗(G)(1 + |G : M|2|G:M|)m∗(G)(1 + |G : N |2|G:N |),
whence
|G : M ′|m∗(G)|G : N |(1 + |G : N |2|G:N |).
The numbers of conjugacy classes of G and M ′, which will be denoted k(G) and k(M ′),
respectively, are related by the inequality k(G) |G : M ′|k(M ′) (see [1] for a proof of this
easy fact), so
k(G)m∗(G)|G : N |(1 + |G : N |2|G:N |)k(M ′). (1)
At this point we notice that M ′ is perfect (because M = M ′N and N is central) and
M ′/M ′ ∩ N ∼= M/N with M ′ ∩ N ⊆ Z(M ′), so by the theory of central extensions (see
[4, Corollary 11.20]) M ′ ∩N is isomorphic to a subgroup of the Schur multiplier of M/N
and, in particular, its order is at most |M : N |2|M:N |  |G : N |2|G:N |, so
k(M ′) < |M ′| = |M : N ||M ′ ∩ N | |G : N |1+2|G:N |
and the result follows now directly from (1). 
3. Nilpotent groups
In this section we prove Theorems B and C and Theorem A for nilpotent groups. We
begin with the proof of Theorem C, which is a consequence of a construction of S. Gagola.
Proof of Theorem C. By [2, Theorem 1.2], there exists a p-group P and χ ∈ Irr(P )
with |Z(P)| = p and χ(1) = |P : Z(P)|1/2 such that H is isomorphic to a subgroup of
P/Z(P). Now, pick x ∈ Z2(P ) −Z(P). It is clear that ϕ(x) = 0 for all ϕ ∈ Irr(P/Z(P )).
On the other hand, since χ(1) = |P : Z(P)|1/2 and |Z(P)| = p, there exist exactly p − 1
irreducible characters whose kernel does not contain Z(P), namely, the Galois conjugates
of χ . Thus m∗(x)= p − 1 and the proof is complete. 
It is a well-known theorem of W. Burnside that any non-linear character of a finite group
vanishes at some element. The dual question for solvable groups was studied in [5], where
it was conjectured that if χ(x) = 0 for all χ ∈ Irr(G) and some x ∈ G, then x ∈ F(G). This
was proved, for instance, for odd order groups. It can be deduced from the results in [5]
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completeness, we include a short proof of a more precise version of this result. To simplify
our exposition we shall say that r irreducible characters χ1, . . . , χr of P cover a subset
X ⊆ P if any element in X is a zero of some character χi .
Theorem 3.1. Let P be a p-group of nilpotence class c and for each i  0 denote by
Zi the ith center of P . Let r be the sum of the ranks of the abelian groups Zi/Zi−1 for
i = 1, . . . , c − 1. Then P −Z(P) can be covered by r irreducible characters.
Proof. Let ri be the rank of Zi/Zi−1. It suffices to show that for any 1 i  c − 1 there
exist ri irreducible characters covering the difference Zi+1 −Zi . Actually, we only need to
deal with the case i = 1 and then apply this particular case to each of the groups P/Zi−1
for i = 1, . . . , c − 1. Now we notice that, since the rank of Z1 = Z(P) is r1, there exist
irreducible characters of Z1, λ1, . . . , λr1 such that the intersection of their kernels is trivial.
For 1 i  r1, let χi be an irreducible character of P lying over λi . If x ∈ Z2 −Z1, there
exists an element g ∈ P such that 1 = z = [x,g] ∈ Z1, so λi(z) = 1 for some i and
χi(x) = χi
(
xg
)= χi(xz)= λi(z)χi(x),
whence χi(x) = 0. 
The last theorem raises the question of which is the smallest number of irreducible
characters of a p-group P needed to cover P − Z(P). In principle, it could be the case
that a fixed number of characters would suffice for all p-groups, after all, as Gagola’s
example shows, little can be said about the family of p-groups covered by a fixed number
of irreducible characters. In addition, some results of this flavour have been proved recently
(see [10], where it is shown that for an odd order group G, three irreducible characters
suffice to cover G − F(G)). The next result shows that actually there is little room for
improvement in the number r given in Theorem 3.1.
Theorem 3.2. Let c 2 be an integer. Then there exist a prime p and a p-group P of class
c such that if r is the number defined in Lemma 3.1, then at least r irreducible characters
of P are necessary to cover P −Z(P).
Proof. Given c  2, there exists a prime p  c such that any non-linear polynomial
with coefficients in Fp defining a bijection from Fp onto itself has degree greater than c
(see [9, Section 2] for the details). Now let q = pe be a power of p and consider a
vector space V over Fq of dimension c with a basis v1, . . . , vc. We define σ to be the
linear endomorphism of V given by σ(vi) = vi + vi+1 (set vc+1 = 0). We construct P
as the semidirect product of V and the group generated by σ , which has order p. For
1  i  c − 1, the ith center of P is the subspace of V spanned by vc+1−i , . . . , vc , so
P has nilpotence class c and the sum of the ranks of the abelian groups Zi/Zi−1 for
i = 1, . . . , c − 1 is e(c − 1). Thus, we need to show that if χ1, . . . , χr are irreducible
characters of P covering P − Z(P), then r  e(c − 1). For each 1  i  r we take an
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on v, so
0 = χi(v) =
p−1∑
j=0
λi
(
vσ
j )= λi(v) p−1∑
j=0
λi
(−v + vσj ).
But
vσ
j = α1v1 +
(
α1
(
j
1
)
+ α2
)
v2 + · · · +
(
α1
(
j
c − 1
)
+ α2
(
j
c − 2
)
+ · · · + αc
)
vc,
where as usual, we set
(
j
i
)= 0 whenever i > j . Thus,
p−1∑
j=0
λi(α1v2 + · · · + αc−1vc)(j1)λi(α1v3 + · · · + αc−2vc)(j2) · · ·λi(α1vc)(
j
c−1) = 0.
Notice at this point that if ε is a primitive pth root of unity, then the j th summand in the
left-hand side of the previous equation can be written as εf (j) for some fixed polynomial
f of degree smaller than c. Now, the only possible way of having
∑p−1
j=0 εf (j) = 0 is
when the exponents f (j) run, modulo p, over all the numbers 0, . . . , p − 1, so f defines
a bijection on Fp and it follows that f must be a linear polynomial. This implies that
α1v2 +· · ·+αc−1vc /∈ Kerλi . Since the only restriction for α1, . . . , αc−1 is that they cannot
be simultaneously zero, it follows that(
r⋂
i=1
Kerλi
)
∩ 〈v2, . . . , vc〉 = 0
(in this formula 〈v2, . . . , vc〉 is the subspace spanned by v2, . . . , vc). The order of⋂r
i=1 Kerλi is at least pec−r , whereas the order of 〈v2, . . . , vc〉 is pe(c−1), so (ec − r) +
e(c − 1) ec and the desired inequality r  e(c − 1) follows. 
To complete the picture one can ask if there exist a fixed number of elements in any
group such that any non-linear irreducible character vanishes at some of them. A result in
the positive direction is given in [7] where it is proved that four such elements exist in any
simple group of Lie type. However, our next example will show that there is no hope to
extend this result to arbitrary groups. Consider the free group F of class 2 and exponent p
(for p odd) with n generators. Given any n− 2 elements x1, . . . , xn−2 ∈ F , the quotient of
F by the normal closure of the subgroup 〈x1, . . . , xn−2〉 is not abelian. We conclude that
at least n − 1 elements are necessary if we want to be sure that any non-linear character
vanishes at some of these elements.
Next, we prove Theorem B.
Proof of Theorem B. We argue by induction on the order of P , noting that the result is
trivial if b = 0. Suppose then that b  1 and take a minimal normal subgroup N of P . If
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Otherwise, the size is pb−1 and all the elements in the coset xN are conjugate in P , so
there exists g ∈ P such that 1 = z = [x,g] ∈ N and we can use the same trick as in the
proof of Theorem 3.1 to conclude that χ(x) = 0 for any irreducible character χ whose
kernel does not contain N . In particular,
m∗(x) k(P ) − k(P/N) +m∗(x),
where k(P ) and k(P/N) are the number of conjugacy classes of P and P/N , respectively.
It is clear that k(P ) − k(P/N)  p − 1, so the result follows directly from the inductive
hypothesis. 
This theorem implies that the largest size of a conjugacy class of a nilpotent group P
is bounded in terms of m∗(P ). By a theorem of Vaughan-Lee (see [12]) this implies that
the order of P ′ is bounded in terms of m∗(P ), whence k∗(P ′) is bounded as well. Now
Lemmas 2.4 and 2.5 yield immediately Theorem A for nilpotent groups.
Theorem 3.3. Let P be a nilpotent group. Then k∗(P ) is bounded in terms of m∗(P ).
4. Solvable groups
Our goal in this section is to prove Theorem A for solvable groups. First, we bound
the Fitting height h(G) of a solvable group G in terms of m∗(G) and then we argue by
induction on the Fitting height. In order to obtain the bound for the Fitting height, we need
the following result.
Lemma 4.1. Let V be a faithful completely reducible G-module (possibly of mixed
characteristic) for a finite solvable group G. Then either the Fitting height of G is less
than or equal to 5 or there exist at least 5 orbits of elements x ∈ V with CG(x) ⊆ F9(G),
the ninth term in the Fitting series of G.
Proof. The case when V is irreducible is a simplified form of [10, Theorem 4.6]. The
completely reducible case can be obtained using the same argument as in the proof of [10,
Theorem E]. 
Theorem 4.2. Let G be a solvable group. Then h(G)m∗(G)/5 + 10.
Proof. We may assume that h = h(G) > 10 and fix 1  i  h − 10. Since G/Fi(G) has
Fitting height h − i  10, the last lemma applied to the action of the group G/Fi(G) on
V = Irr
(
Fi(G)/Fi−1(G)
Φ(G/Fi−1(G))
)
(which satisfies the required conditions by [3, Satz III.4.2 and III.4.5]) yields the existence
of at least 5 G-orbits of linear characters of Fi(G) containing Fi−1(G) in their kernels
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representative and then an irreducible character of G lying over it. Clifford’s theory ensures
that all these characters of G are different and vanish outside Fi+9(G), so they vanish at x
for any x ∈ G−Fh−1(G). Notice also that when we take i ′ = i between 1 and h− 10, this
procedure gives rise to different characters of G. Hence m∗(x) 5(h− 10) and the result
follows. 
We are now ready to give a short proof of Theorem A for solvable groups.
Theorem 4.3. Let G be a solvable group. Then k∗(G) is bounded in terms of m∗(G).
Proof. Let h = h(G) be the Fitting height of G. We will prove by induction on h that there
exists a function f = f (h,m∗(G)) such that k∗(G) f (h,m∗(G)). Since we have proved
in Theorem 4.2 that h is m∗(G)-bounded, the result will follow. The case h = 1 has been
proved in Theorem 3.3, so we assume that h > 1.
Write G∞ to denote the smallest normal subgroup of G whose quotient is nilpotent.
By the remark preceding Theorem 3.3, we have that |G′ : G∞| is m∗(G)-bounded and by
Lemma 2.4, we may assume that |G : G′| is also m∗(G)-bounded, so we have that |G : G∞|
is m∗(G)-bounded. By Lemma 2.5, it suffices to show that k∗(G∞) is m∗(G)-bounded. But
h(G∞) = h− 1, so by the inductive hypothesis, k∗(G∞) f (h− 1,m∗(G∞)). The result
follows now from Lemma 2.2. 
5. Arbitrary groups
In this section we complete the proof of Theorem A. It is partially inspired by the proofs
of the main results of [8, Theorem A]. We begin by solving the problem for simple groups.
Lemma 5.1. The order of an alternating group An is bounded in terms of m∗(An).
Proof. As is well known, the characters of the symmetric group Sn are labelled by the
partitions of n. A character of Sn restricts irreducibly to An if the corresponding partition
is not self-associate (see [6, Theorem 2.5.7]). Also, any character of Sn such that the
corresponding partition is α = (α1, . . . , αt ) with α1  α2  · · · αt and α2  2 vanishes
on the n-cycles (by [6, 2.3.17]). Therefore, the result follows easily when the n-cycles
belong to An, i.e., when n is odd.
Thus, we may assume that n is even. Consider all the partitions α that are not self-
associate and such that α2  3. As in the first paragraph, it suffices to show that the
characters of Sn associated to these partitions vanish on the (n − 1)-cycles. This follows
using the branching theorem [6, 2.4.3] and [6, 2.3.17]. 
Lemma 5.2. Let G = Gl(q) be a simple group of Lie type of rank l over the field with q
elements. Then |G| is m∗(G)-bounded.
Proof. This follows, for instance, from [7, Theorem 5.1]. 
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Theorem 5.3. Let N be a minimal normal subgroup of G and suppose that N is non-
abelian. Then |G| is m∗(G)-bounded.
Proof. We first prove that |G : N | is m∗(G)-bounded. We know that N = S1 × · · · × Sk ,
where all the subgroups Si are isomorphic to a non-abelian simple group S. With some
abuse of notation, we shall assume that Si = S for all i . We fix a non-linear irreducible
character ϕ of S which extends to Aut(S) (the existence of such a character is proved in
[8]) and consider the characters of N of the type δ = δ1 × · · · × δk , where each δi is either
1S or ϕ and not all of them are 1S . Since ϕ is non-linear, ϕ(x) = 0 for some x ∈ S. Note
that if α is an automorphism of N , then there exist automorphisms of S, α1, . . . , αk such
that for any z ∈ S,
δα(z, . . . , z) = δ(zα−11 , . . . , zα−1k )= δα11 × · · · × δαkk (z, . . . , z) = δ(z, . . . , z),
where, for the last equality, we have taken into account the fact that both 1S and ϕ are
invariant by the automorphisms of S. It follows that (x, . . . , x) is a zero of any character δα .
This means that if χ is any character of G lying over δ, then χ vanishes at (x, . . . , x). Of
course, as the number of occurrences of ϕ in δ varies, we obtain characters of N in different
G-orbits, so the characters of G lying over them do not overlap. This way we obtain at least
k distinct irreducible characters of G having the common zero (x, . . . , x), thus k m∗(G).
The next step is to consider the action of G by conjugation on the subgroups Si . We
denote by K the kernel of this action (that is, K consists of the elements of G normalizing
all the subgroups Si ). Since k  m∗(G), it is clear that |G/K| is m∗(G)-bounded. Put
C = CG(N) and notice that N ∩ C = 1. Then N can be embedded in K/C which
in turn can be embedded in the direct product (Aut(S))k of k copies of Aut(S). Since
ϕ × · · · × ϕ ∈ Irr(N) extends to this direct product, it also extends to K . If ψ is such an
extension, the characters βψ for β ∈ Irr(K/N) are irreducible and distinct for different β’s
and vanish on (x, . . . , x), so the number of classes of K/N is at most m∗(G) and, since the
number of classes bounds the order of the group, this suffices to bound |K/N |. Since we
had already seen that |G/K| is m∗(G)-bounded, our claim that |G/N | is m∗(G)-bounded
is proved.
Now we can use Lemma 2.2 to deduce that m∗(N) is m∗(G)-bounded, whence m∗(S) is
bounded as well. From Lemmas 5.1 and 5.2 we conclude that |S| is m∗(G)-bounded. Since
we had k m∗(G), we conclude that |N |, and consequently |G|, is m∗(G)-bounded. 
Corollary 5.4. Let G be a finite group and denote by O∞(G) the largest normal solvable
subgroup of G. Then |G : O∞(G)| is m∗(G)-bounded.
Proof. There is nothing to prove is G is solvable. Otherwise, all minimal normal
subgroups of G/O∞(G) are non-abelian, so the result follows directly from the last
theorem. 
Now we are ready to complete the proof of Theorem A.
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Proof. By Theorem 4.3, we can suppose G is non-solvable. Let N = O∞(G) as in the
last corollary, so that |G/N | is m∗(G)-bounded. Since the minimal normal subgroups
of G/N are perfect, we can apply Lemma 2.6 and all we have to show is that k∗(N) is
m∗(G)-bounded. But N is solvable, so k∗(N) is bounded in terms of m∗(N), which in
turn is bounded by a function of m∗(G) by Lemma 2.2. This completes the proof of the
theorem. 
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